
SOME PROBLEMS OF HEAT CONDUCTION WITH 

PHASE TRANSITIONS 

V.  M K u l y a p i n  UDC 536.248.2 

An approximat ion of the p rob lem of heating of a body by a sur face  heat flux of density 107-1014 
W/m 2 is p resen ted .  Express ions  are obtained for  calculat ing the movement  of the melt ing 
boundary and external  destruct ion boundary and t e m p e r a t u r e  conditions on the surface .  

F o r  engineering methods of calculat ing heat conduction p r o c e s s e s  with phase t rans i t ions  it is n ece s -  
sa ry  to know the solution of the nonlinear p rob lem establ ishing the explicit  functional re la t ions  between the 
initial p a r a m e t e r s .  In this case  the use of approximate  methods of solution is war ran ted .  

An approximate  method of solving p ro b l ems  of heat conduction with two phase t ransi t ion boundar ies  
is p resented  here.  This  c lass  of p rob l ems  is found, for  example ,  when calculat ing conduction p r o c e s s e s  
with considera t ion of melt ing and vapor iza t ion of meta l  under  the effect  of l a s e r  radiation,  bombardmen t  
of an e lec t rode by charged par t i c les ,  and in other  cases  of the effect  of intense heat flux sources .  

The one-d imens ional  p rob lem of heating of a body by a sur face  heat source  with a moving external  
boundary of dest ruct ion and moving boundary of molten meta l  (Fig. 1) is descr ibed  by the following dif-  
fe rent ia l  equations and boundary conditions on the phase in terface  [1-3]: 

~  . ~  Xo .~x~X ,  (1) 
Ox ~ a~ Ot 

0 ~  _ 1 _  0 ~  _ 0, X ..< x, (2) 
Ox ~ a~ at 

,% (x ,  t) = ~ (x ,  t), (3) 

( = dxo (s} 
q + h  \ ax /~=~ d ~ - '  

~,~Cx, o)= V, ~2(~, t)= V. 

To es tabl ish  the re la t ion between q(t) and the t empe ra tu r e  of the moving externa l  boundary of the body 
T0 we use the L a n g m u i r - D u s h m a n  equation [4] 
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Fig. 1. Calculation model:  1 ) l iqu id  
phase; 2) solid phase.  

V C dX~ T~- exp 2,3026 A - -  4,234 ~ -~r ~ (6) P dt 

where  A and B are  tabulated constants .  

With considera t ion of (6) the in ter re la t ion  of q and T O is 
de termined by the equation 

- f f f f - /~=x = Lo ~ o  exp 2 3026 ( A - - 4 . 2 3 4 - -  ~--T) .(7) 
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Fig. 2. Posit ion of phase transit ion boundaries  vs t ime 
for  different  values of the heat flux. Material  is s i lver  
(x, m; t, see): 1) X(t); 2) Xo(t); 3) (X-Xo); 4) 10 ll W 
/m2; 5) 101~ 6) 109 W/m 2. 

Thus the problem reduces  to a solution with boundary conditions of the second kind when the specific 
heat flux q is given. 

On the basis  of Leibenson's  f i r s t  method with considerat ion of the resu l t s  of [5, 6] we assigned the 
t empera tu re  prof i les  of the liquid phase all(x, t) and solid phase ~(x,  t) in the fo rm 

O'~(x, t )=  T o +  T - - T o  [ x - - X o l +  ~ d T o  [ x - - X o l [ x - - X ] ,  (8) 
X - -  X o 2a 1 dt 

0 2(x, t ) = T - - ( T - - V )  1--exp --  - - ( x - - X )  . (9) 
a s dt 

Equations (8), (9) sat isfy differential  equations (1) and (2) at the phase in terfaces  and all boundary 
conditions enumera ted  above, with the exception of the conditions on the moving external  boundary (5) and 
conditions (4) on the phase interface which are  used for  determining the remaining unknowns X 0 and X. The 
sys tem of Eqs.  (4), (5) reduces  to a differential  equation for  the value of the fused zone (X-X0) 

where 

y' = f (t) y~ + g (t) y + h (t), 

g = X - -  Xo; n = - - l ;  

f (t) = ~.x (To - -  T) 1 § Z'z , 
L~ L9 -+- (T - -  V) 

ag 

= ~,l dTo [ 1  l ] 

g(t) 2a~ dt Lop LO+ )~2 ( T - - V )  
a 2 

h (t) - q 
LoP 

The solution of the equation has the fo rm [7] 

where u(t) is determined by the relat ion 

y =  

du 
u ~ -  a u  -!- 1 

+ C= f (@)'/~ 

(lo) 

(11) 

The constant c~ is selected f rom the condition 
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The law of motion of the moving external destruction boundary X 0 and law of motion of the liquid 
- m e t a l  interface X are determined then f rom differential  equations (4), (5). 

When q0 = const and T O = const the problem reduces to the solution of the following differential equa- 
tions: 

dX 
dt 

~I(To--T) 1 

Lp+ ~_..~_2 (T - -  V) (X-- Xo) 
a, 

dXo qo ~1 (To - -  T) 1 
dt Lop Lop (X-- Xo) ' 

(12) 

(13) 

1 ] 1 qo 
d (X -- Xo) = ~1 (To-- T)[ " 1 + ;ks (X--Xo) Lop 

dt [ Lop Lp+ --a2 (T--  V) l 
We introduce the notation of the complex which subsequently occurs often 

(14) 

F 
e = ~I(To--T)  [l-t- 

The solution of Eq. (14) is written in the form 

Lo ]. 
L -4- c (T --V) 

X --  X o = e (15) - - -  u ( t ) ,  

qo 

where the function u(t) is determined f rom the expression for u < 0 

u - - l n ( u +  I)-- q~t (16) 
Lops 

For  fur ther  calculations it is desirable to t ransform transcendental  equation (16) to an explicit form 
in dimensionless time t* = q~t/L0Pe. 

Using the expansion of function [n(u + 1) in a ser ies  for the region of convergence of the ser ies  - 1  
< u _ 1, we obtain 

/ 2t 
u( t )=- -qo  Y ~ for t*~O,  1 (17) 

and 

1 1 12q~t 1) - -1 ]  for u ( t ) = - - - ~ - [  2cos--~-arccos ( L o p s  

For  t* _~ 1/6 the unknown function is approximated by the equation 

u ( t ) = - - l + O . 5 e x p  [ _ 3 (  q~t 1 

t*~l /6 .  (18) 

(19) 

Using Eqs. (17)-(19), we determine the expressions for the value of the fused zone of metal and law 
of motion of the external destruction boundary and boundary of melting of the metal. 

For  small  values of current  time 0 -< t* ~ 0.1 

X _ X o = V  / 2st _ V 2 1 ~ a ( T o - - T ) [ l - i -  L~ ] t  (20) 
Lop LoP L +-c(T --V) ' 

For  time t* <_ 1/6 

r 2~I(To--T) [ Lo ] 
X =  P[Lq-c(T--V)]  L o + L _ ~ c ( T _ V )  t, 

q~ V 2~.~ (To - -  T) [L + c (T - -  V)] t 
Xo - Lop Lop leo + L + e ( r - -  V)] 

S •  X - -  ..n o = 
2q o- , 

(21) 

(22) 

(23) 
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Fig .  3. C o m p a r i s o n  of the e x a c t  
and a p p r o x i m a t e  s o l u t i o n s  f o r  one 
f r o n t  of the p h a s e  t r a n s i t i o n  (To, ~ 
1) Neumann  so lu t ion;  2) a p p r o x i m a t e  
so lu t ion;  3) r e l a t i v e  e r r o r .  

who re  

X :. ~.1 (T0.-- T) L o ( •  
2qo [L + c (T - -  V)] T • , 

Xo qot ~ I ( T o - - T )  ( x +  I ) 
Lop 2qo -4- • , 

l 
• = 2 cos - -  arccos (12t* - -  1)--1.  

3 

F o r  a d u r a t i o n  of the p r o c e s s  t* _> 1/6 

e (t [ ( q~tLope X - -  X o = - -  { l - -0 .5exp  --1.5 
qo 

X =  ~I (To-- T) L o 
2qo [L -k c (T - -  V)] 

• 1,84@ Lepe " 3 In 1--0.5exp - -1 .5  Lope 

1 0)1  

(24) 

(25) 

(26) 

I o)1)}, 
X0= Lo p 2q ~ 1,84 + / ~ 0 p  ~ & -~- In 1--0.5 exp - -  1.5 Lops 6 

A n a l y s i s  of Solut ion.  The  c h a r a c t e r i s t i c  r e l a t i o n s  of the depth  of the fused  zone ,  p o s i t i o n  of the e x -  
t e r n a l  d e s t r u c t i o n  b o u n d a r y ,  and va lue  of fused  zone a r e  p r e s e n t e d  in F ig .  2. H e a t i ng  of the body  by  a s u r -  
f a ce  h e a t - f l u x  s o u r c e  is  a c c o m p a n i e d  in the  i n i t i a l  s t age  only  by  m e l t i n g  of the m e t a l .  The  d u r a t i o n  of the 
t r a n s i t i o n a l  p e r i o d  to the s t a r t  of v a p o r i z a t i o n  f r o m  the s u r f a c e  is  d e t e r m i n e d  f r o m  Eq. (22) 

2~ 1 (T o - -  T) Lop (29) 

qg 1+ L + c ( T - - V )  

o r  in r e l a t i v e  un i t s  

to = m  Lo ]2 " 
1+ L-4-c(T--V) 

The s u r f a c e  t e m p e r a t u r e  at  the s t a r t  of v a p o r i z a t i o n  is found f r o m  Eq. (7) 

qo = 2Lo exp 2.3026 A - -  4.234 - -  ~ . (30) 

The r e l a t i o n  b e t w e e n  the s u r f a c e  t e m p e r a t u r e  and the d e n s i t y  of the ac t i ng  hea t  f lux in a s t e a d y  r e -  
g i m e ,  when the  fused  zone of m e t a l  r e a c h e s  the l i m i t i n g  va lue  (X-X0) l i  m = e/q0 , is  equal  to 

V ( 
We s e e  f r o m  a c o m p a r i s o n  of Eqs .  (30) and (31) that  the s u r f a c e  t e m p e r a t u r e  at  the  s t a r t  of  v a p o r i z a -  

t ion d i f f e r s  i n s i g n i f i c a n t l y  f r o m  the t e m p e r a t u r e  of the s t e a d y  r e g i m e .  The  d i v e r g e n c e  does  not  exceed  
10%, and t h e r e f o r e  the p r o c e s s  of d e s t r u c t i o n  of the m a t e r i a l  u n d e r  the  ef fec t  of an i n t e n s e  hea t  s o u r c e  
c o n s t a n t  in t i m e  can  be  c a l c u l a t e d  on the a s s u m p t i o n  of c o n s t a n c y  of the s u r f a c e  t e m p e r a t u r e .  

The  fused  zone ot m e t a l  r e a c h e s  a s t e a d y  va lue  ( X - X 0 ) s t  = 0.95 (X-X0) l i  m at  t ime  t* = 2. The  va lue  
of the fused  zone is  i n v e r s e l y  p r o p o r t i o n a l  to the h e a t - f l u x  d e n s i t y .  The  mo l t en  m e t a l  e x i s t s  in a l l  s t a g e s  
of the p r o c e s s ,  and v a p o r i z a t i o n  o c c u r s  f r o m  the s u r f a c e  of the m o l t e n  m e t a l .  

In the c a s e  of a d u r a t i o n  of the e f fec t  of the  hea t  f lux  t* > 2 the r a t e s  of mot ion  of the b o u n d a r y  of the 
mol t en  m e t a l  and e x t e r n a l  d e s t r u c t i o n  b o u n d a r y  a r e  equa l .  The  depth  of the fused  zone is  d e t e r m i n e d  by  
the e n e r g y  of the hea t  f lux  and s u m  of the i n c r e m e n t  of en thMpy du r ing  t r a n s i t i o n s :  

X = q~ 
p [L 0 + L + c (T - -  V)] " (32) 
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T A B L E  1. C a l c u l a t e d  and E x p e r i m e n t a l  V a l u e s  of the Depth of the 
F u s e d  Zone  

Material 

Duralumin 

Iron 
Iron 

q0, W / c m 2  

1,5.10 lo 
4,2.10 lo 
2,3.10 8 

t,sec 

3.10"7 
1,2.10 .7 
1,5.10 "z 

X,  mlTl 

experiment calculation 

2 1,67 
0,7 0,85 
0,6 0,6 

TABLE 2. 

Material 

Steel U-8  

KhVG 

Armco iron 

C o m p a r i s o n  of C a l c u l a t e d  and E x p e r i m e n t a l  V a l u e s  o fT  0 

[. 10 "3, SeC s. cm 2 q0, W/cmz experi- calcu- 
ment lated 

Xr= T calc--rexp 
rexp 

x 10o% 

1,5 
0,5 

1,5 

I0-2 

3.10-4 

6.10-a 

2,4.107 
2,3.108 

2,3.10 8 

6400 
9600 

4500 

5400 
7500 

4260 

15,6 
20,8 

6,6 

F o r  t ime  t < t o t h e r e  is  no e v a p o r a t i o n  of the m a t e r i a l  f r o m  the s u r f a c e  of the body,  and the a p p r o x i -  
ma te  so lu t ion  ob ta ined  can  be  c o m p a r e d  wi th  the e x a c t  Neumann  so lu t ion  f o r  the c a s e  of m e l t i n g  of a body  

[11. 

The law of motion of the l i q u i d - m e t a l  interfaee X of the approximate and exact solution has the same 
func t iona l  r e l a t i o n  

X = 2it (al t )  I/2 , 

whe re 

L0 ] 
13 = 2p [L + e ( 7 - -  V)] L0 + L + e ( 7 - -  V) 

F r o m  the  Neumann  so lu t ion  the c o n s t a n t  of p r o p o r t i o n a l i t y  ~N is  d e t e r m i n e d  f r o m  the t r a n s c e n d e n t a l  
equa t ion  [1]. 

The  v a l u e s  of the c o n s t a n t s  of p r o p o r t i o n a l i t y  fiN and ~ w e r e  c a l c u l a t e d  fo r  W, Mo, Cu, Ag, and A1. 
F i g u r e  3 g i v e s  the r e l a t i o n s  of fiN and fi f o r  s i l v e r  and the v a l u e s  of the r e l a t i v e  e r r o r  

AI~ - ~N--I~ 100%. 

On the b a s i s  of the c a l c u l a t i o n s  we ob ta ined  that ,  f o r  the  m e t a l s  c o n s i d e r e d  with  a wide  r a n g e  of v a r i -  
a t ion of the c o e f f i c i e n t  of hea t  conduc t i v i t y  and bo i l ing  point ,  the e r r o r  of the a p p r o x i m a t e  so lu t ion  does  not  
exceed  10% in the r a n g e  of hea t  f l uxes  q0 -> 107 W/m2" 

T a b l e s  I and 2 p r e s e n t  the c a l c u l a t e d  v a l u e s  of the depth  of m e l t i n g  of the  body  and s u r f a c e  t e m p e r a -  
t u r e s  and the e x p e r i m e n t a l  r e s u l t s  of i n v e s t i g a t i n g  the e f fec t  of l a s e r  p u l s e s  on m e t a l  [8, 9]. As we s e e  
f r o m  the t ab le ,  the e x p e r i m e n t a l  v a l u e s  a g r e e  s a t i s f a c t o r i l y  wi th  the a p p r o x i m a t e  so lu t ion .  

Thus  an a n a l y s i s  of the a p p r o x i m a t e  so lu t ion  of the p r o b l e m  of hea t ing  a body  in the p r e s e n c e  of p h a s e  
t r a n s i t i o n s  by  a p o w e r f u l  h e a t - f l u x  s o u r c e  showed that  the r e l a t i o n s  ob ta ined  c o r r e c t l y  d e s c r i b e  the c h a r a c -  
t e r  of the p r o c e s s e s  and g ive  a s a t i s f a c t o r y  a c c u r a c y  when c a l c u l a t i n g  the m o v e m e n t  of the l i q u i d - s o l i d  
i n t e r f a c e  and d e s t r u c t i o n  i n t e r f a c e  and t e m p e r a t u r e  r e g i m e s  on the s u r f a c e .  

q 

x0(t) 
x(t) 

N O T A T I O N  

is  the hea t  flux; 
is  the e x t e r n a l  d e s t r u c t i o n  boundary ;  
is  the m e l t i n g  bounda ry ;  
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T o 
T 
V 
x 
t 

~Z 

C 

L0, L 
P 

1o 

2. 
3. 
4. 
5. 

7. 
8. 
9. 

ts the t empera tu re  of destruct ion surface; 
Ls the t empera tu re  at melting boundary, equal to the melting point; 
ts the initial t empera tu re  of body; 
ts the l inear  coordinate;  
ts the time; 
ts the heat conductivity; 
~s the thermal  diffusivity; 
ts the average specific heat of solid phase; 
is the latent  heat of vaporizat ion and fusion; 
is the densi ty of mater ia l  of the body. 
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